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ABSTRACT

One of the consequences of the Capital Asset Pricing Model
(CAPM) is that the expected excess return of a financial instrument
is proportional to the expected excess market return. The propor-
tionality constant, called the instrument’s beta, is the coefficient in
the linear least-squares fit of the excess return of the instrument
with the excess return of the market. CAPM therefore implies that
stocks with larger empirical estimates of beta will tend to produce
larger returns. Following the testing procedure from a 2006 study by
Grantham [5], we analyze this hypothesis using the stock return data
for the S&P 500 constituents from 1965 to 2009. We obtain several
statistically significant results inconsistent with the hypothesis.

Index Terms— CAPM, alpha, beta, regression, stock, market,
finance, statistical significance

1. BACKGROUND

We empirically analyze the Capital Asset Pricing Model (CAPM) [10,
7, 8] in the context of the US stock market, by constructing and
tracking over time several portfolios consisting of shares of large
publicly traded US companies.

The daily return of a portfolio on trading day n is defined as the
difference between the portfolio’s closing prices on trading days n
and n — 1, divided by the closing price on day n — 1:

__ price(n) — price(n — 1)

return(n) price(n — 1)

Given a risk-free interest rate r, the excess return R, of a portfolio
s is defined as the difference between the portfolio’s return and the
risk-free rate. We assume that the risk-free rate is zero,' and there-
fore the excess return is the same as the return. For now, we view
the return as a random variable, denoting the mean and the variance
of R, by us and A, respectively. We additionally define the market
return, R,,, to be the return of a portfolio broadly representative of
the overall market. We let its mean and variance be p,, and Ap,,
respectively.
The linear least-squares estimator [1] of R based on R, is:
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where sy, is the covariance between R and the market return R,,.
This estimator can be rewritten as follows:

Rs = Qs + BSR'IYM

! Another widely used proxy for the risk-free rate is the interest rate on
the 1-month US Treasury Bills [4].

with
Asm
Bs = N 1)
s =  MUs — ﬁsum (2)

These two parameters are very widely used both in the financial in-
dustry and literature, and are referred to as the beta and alpha of the
portfolio s. Portfolio s could consist of a single stock. In this case,
the parameters defined in Egs. (1,2) are called the beta and alpha of
that stock.

CAPM consists of a number of assumptions on the structure of
the market and the preferences of the market participants. One con-
sequence of the model is that, for any portfolio, as = 0, i.e.,

Hs = ﬁsu'm- 3)

Both the assumptions of the model and the derivation of Eq. (3) are
laid out in a number of textbooks, e.g., [9]. In the remainder of
the paper, we describe several experiments which show that the em-
pirical behavior of the US stock market over the past four decades
disagrees with Eq. (3) in a statistically significant manner.

2. CONSTRUCTING THE EXPERIMENTS

There are several difficulties with empirically evaluating Eq. (3), as
none of the quantities involved in it are directly observable. More-
over, there is no single, universally accepted definition for one cru-
cial ingredient of that equation: the market return. Since we restrict
our studies to the US stock market, we choose to follow a large body
of literature (see, e.g., [4, 9] and references therein) in using the re-
turn of a broad stock index as a proxy for the market return. Specifi-
cally, we use the S&P 500 returns [13] as market returns.

We use the following procedure to empirically estimate the alpha
and beta of any portfolio s during a time interval of /N trading days.
We first use the IV observed daily returns to estimate the expectation

s as the empirical mean of the returns r5(1),...,rs(N):
L&
s = N HZ::I rs(n).

We form the empirical covariance of the portfolio returns r5(1), . . .,

rs(N) and the market returns r,, (1), ..., 7m (N),
;X
Mo = 57 2o (rs(m) = 1) (ron () = i),
n=1

where i, is the empirical mean return for the market portfolio. The
empirical market variance is:

. 1 X
Am = ﬁ;(rm(n) — fm)”



These are then used to construct estimates of 35 and as:
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Eq. (3) suggests the following testing strategy, developed in [5]:

1. On day d, compute BS for all stocks that are members of S&P
500 as of that day.

2. Sort all the stocks by their estimated betas, from the smallest
to the largest, and partition them into g quantiles.

3. Form ¢ quantile portfolios and analyze the portfolio returns
fordaysd+1,...,d+ K.

4. Increment d by K and go to Step 1. Iterate until the end of
the available data is reached.

In our simulations, we use N = 5 years, K = 1 year, and ¢ = 10.
If the stock market is consistent with Eq. (3), then we would observe
the following:

(1) The average returns during daysd + 1,d+2,...,d + K for
the large-beta quantile portfolios would generally be larger
than the average returns for the small-beta quantile portfolios.
For example, the data must be consistent with the following
consequence of Eq. (3):

Brpr — Brpa =0, (6)

where 81, and Sy are the betas for lowest-beta and highest-
beta quantile portfolios, respectively, and where pr, and g
are their respective expected returns.

(2) The alphas of all the quantile portfolios estimated from days
d+1,d+2,...,d+ K would not be different from zero by
a statistically significant amount.

In fact, as shown in the remainder of the paper, we observe the
opposite: both Eq. (6) and the hypothesis that alpha is always zero
for all the portfolios can be rejected with a very high level of confi-
dence.

3. EXPERIMENTAL RESULTS

We use the return data for the S&P 500 constituent stocks and for
the S&P 500 index itself, from January 1, 1965 until December 31,
2009. The data is obtained from CRSP [3] through WRDS [14].

On the first trading day of each year, we take all the S&P 500
constituent stocks and use the five preceding years to estimate the
alpha and beta for each stock. We then form ten decile portfolios
based on the estimated betas. For example, the lowest-decile port-
folio contains those 10% of the S&P 500 constituents that have the
lowest estimated betas. We allocate the same dollar amount to each
stock within a portfolio. We then calculate the daily returns of each
portfolio over the following year. For example, during the year 1970
we calculate the daily returns of ten portfolios formed on the basis
of betas estimated over the years 1965-1969.

We perform this procedure for all years from 1970 until 2009.3
Note that this simulation can be regarded as an investment strategy:
we construct the ten decile portfolios at the beginning of a year, in-
vest in each of them, and track the returns for one year. After one

qu. (6) is obtained from Eq. (3) because, according to Eq. (3), both

Bupr and Brpp are equal to B BH tm.-
3Due to our five-year training window, this requires data over 1965-2009.

year, we re-estimate all the betas, rebalance the ten portfolios ac-
cordingly, hold the new portfolios for one more year, etc.*

The average annual returns of the ten decile portfolios over the
entire 40-year testing period are shown in Fig. 1(a). The average
annual S&P 500 return over the same period is 9.9%. To explain
how these numbers were computed, we take an example: the lowest-
beta decile portfolio whose average annual return is 13.2%. This
means that someone who invested $1 into the lowest-beta portfolio
on January 1, 1970 and kept fully reinvesting into the lowest-beta
portfolio every year, would end up with $1 - (1.132)%° = $142.51
on December 31, 2009.

The weight of each company in the S&P 500 index is based
on the company’s market capitalization [13]. Since our portfolios
are equal-weighted, it is reasonable to also compare our portfolios’
performance with that of an equal-weighted S&P 500 portfolio. The
equal-weighted S&P 500 return for day n is the arithmetic average
of the daily returns on day n of all the constituents of S&P 500.
The average annual equal-weighted S&P 500 return over our 40-year
testing period is 13.1%.

The plot in Fig. 1(a) shows a trend from large returns for low-
beta portfolios to small returns for high-beta portfolios. The four
lowest-beta portfolios outperform the equal-weighted S&P 500 in-
dex, and the remaining six portfolios underperform it. This trend
has been pointed out in the literature—for example, in [2] (p. 297)
and [5]—and goes squarely against Eq. (6). In the next section, we
analyze the statistical significance of this finding.

A very common way of characterizing the performance of port-
folios and securities is by calculating their Sharpe ratio [11, 12], i.e.,
the mean excess return divided by the standard deviation of the ex-
cess return. The annualized Sharpe ratios for the ten decile portfolios
over the period 1970-2009 are shown in Fig. 1(b). The annualized
Sharpe ratios for the S&P 500 and equal-weighted S&P 500 portfo-
lios over the same period are 0.64 and 0.80, respectively.

Fig. 1(c) shows the time series plots during 1970-2009 of the
total values for the lowest-beta decile portfolio and the highest-beta
decile portfolio. They briefly converge during the end of the dot-
com bubble in 1999-2000; however, apart from that and a few other
brief periods, the lowest-beta portfolio consistently outperforms the
highest-beta portfolio.

4. STATISTICAL SIGNIFICANCE OF THE RESULTS

4.1. Returns

We first test Eq. (6). We let portfolio L be the lowest-beta decile
portfolio—i.e., the portfolio that, on any day during a calendar year,
contains the stocks whose empirical beta estimated from the preced-
ing five calendar years, is in the lowest decile. We similarly define
H, the highest-beta decile portfolio. As described in the previous
section, the composition of both portfolios remains unchanged dur-
ing each calendar year.

We let Rz (n) and Ry (n) be the daily returns on trading day
n of portfolios L and H, respectively. We let 31, and B be their
respective betas, and we let pr, and p g be their respective expected
returns. For each trading day n during our 40-year investment pe-
riod, we form the following quantity:

R(n) = BuRr(n) — BLRu(n).

We assume that R(n)’s are independent and identically distributed
with mean g and standard deviation o. Note that their mean y is

4Since the trading costs associated with rebalancing only once per year
are very small, we ignore the trading costs in all our experiments and analysis.
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Fig. 1. (a) Average annual returns for the ten beta decile portfolios, 1970-2009. The average annual S&P 500 and equal-weighted S&P 500
returns over the same period are 9.9% and 13.1%, respectively. (b) Annualized Sharpe ratios for the ten beta decile portfolios, 1970-2009.
The annualized Sharpe ratios for the S&P 500 and equal-weighted S&P 500 portfolios over the same period are 0.64 and 0.80, respectively.
(c) Time series plots of the values for the highest-beta portfolio and the lowest-beta portfolio during 1970-2009.

equal to Sgpur — Brpm, which is the left-hand side of Eq. (6).
Therefore, verifying Eq. (6) is equivalent to testing the hypothesis
u=0.

We use Eq. (4) over a calendar year to obtain the estimates B L
and ﬁ 1 of the betas of portfolios L and H during that calendar year.
We then form the sample mean M and sample standard deviation
¥ of R(n)’s over the entire 40-year investment period. From our
assumptions that R(n)’s are independent and identically distributed,
it follows that the mean of M is p and the standard deviation of M
is o/ V/N, where N = 10097 is the total number of trading days
during the 40 years. We estimate the standard deviation of M as
¥/v/'N. The specific realizations for our data are: M = 0.000524,
¥ = 0.00968, ©/v/N = 0.0000963. Conditioned on p = 0, the
expectation of M is zero, and therefore the ¢-statistic is

M 0.000524
2/VN ~0.0000963

= 5.43,

which is a very compelling piece of evidence for rejecting the hy-
pothesis . = 0. For example, if we assume that the ¢-statistic fol-
lows the ¢-distribution with N — 1 degrees of freedom, we can reject
the hypothesis at significance level 2.88 x 10™%, assuming that the
alternative hypothesis is ¢ > 0.

We can convert the preceding discussion into an implementable
investment strategy by computing the estimates B 1. and B i for every
trading day n over the preceding five calendar years instead of during
the current one. In other words, for a trading day n which falls in a
calendar year y, we estimate the betas using the data from January 1
of year y — 5 until December 31 of year y — 1. The quantity

P(n) = ﬂHRL(Zl) - ,EELRH(H)
Bu + BL
is then the profit on day n from entering into the following positions
on day n — 1: buying $8r/(Bu + Br) worth of portfolio L and
selling short $51 /(Sm + Br) worth of portfolio H. The time se-




ries of P(n), over the entire investment period, is the profit stream
of a strategy that makes an investment in this manner every trad-
ing day and liquidates after each trading day. Note that the initial
gross investment (i.e., the dollar amount of long positions plus the
dollar amount of short positions) for this strategy for each trading
day is always $1. The sample mean and sample standard deviation
of P(n) are 0.000316 and 0.0051, which produces a t-statistic of
6.21, Sharpe ratio of 0.98, and correlation coefficient with S&P 500
returns of 0.22 and with equal-weighted S&P 500 returns of 0.26.°
We therefore have constructed a strategy which has very low correla-
tion with the market yet produces returns which are above zero by a
statistically significant margin, and which in fact has a better Sharpe
ratio than the market.

4.2. Alphas

In order to evaluate the statistical significance of our alpha estimates,
we make the following modeling assumptions, which are somewhat
different from those made in the preceding sections. Suppose that
we are evaluating the statistical significance over a time window of
duration D trading days, say, days 1,2, ..., D. We assume that the
market returns for all these days are deterministic and that we have
the following relationship between the returns of the g-th quantile
portfolio and the market returns:

rq(n) = aq + Byrm(n) + uqg(n), forn=1,...,D, (7)

where ug(1), ..., uq(D) are independent and identically distributed
zero-mean Gaussian random variables with variance Aq. It can then
be shown [6] that Egs. (4,5) are unbiased estimates of 3, and «y,
respectively, and that the covariance matrix of the vector (Gq, (4)7
is:

A(XTX)H ®)

where X is a D x 2 matrix whose first column consists of all 1’s and
whose second column is the D-dimensional vector of market returns,
(rm(1),...,7m(D))T. An unbiased estimate of )\, is obtained as
follows [6]:

. 1 & . 5
Ag = D_9 ;(Tq(n) — Qg — Bgrm(n))”.

Using this to replace )\ in Eq. (8) gives the following standard error

for the estimate éq:
5’@ =\ )\qmlh

where x11 is the first diagonal entry of the matrix (X Tx )71.

We test, for the portfolios L and H, whether their alpha esti-
mates are different from zero by a statistically significant margin.
Our null hypothesis, for each portfolio, is cg = 0, and therefore the
t-statistic is:

T, = &

)\ql'll
The alternative hypothesis for portfolio L is oy > 0. The
t-test at significance level a is to reject the null hypothesis if
Tr > ¥p',(1 — a), where ¥p_» is the ¢t-CDF with D — 2
degrees of freedom. We perform this test for each calendar year
during the 40-year testing period. In eight out of the 40 years (1970,

5Note, however, that we are still ignoring the trading costs which are, for
this strategy, non-negligible, since it rebalances every day.

1975, 1976, 1979, 1981, 1982, 1985, 1993) the null hypothesis is re-
jected at significance level 1%. In 1976 and 1982, it can be rejected
at significance level 0.01%.

The alternative hypothesis for portfolio H is ooy < 0. The t-
test at significance level a is to reject the null hypothesis if Th <
U, ,(a). In five out of the 40 years (1970, 1973, 1984, 1985,
1986), the null hypothesis is rejected at significance level 1%. In
1985, it can be rejected at significance level 0.001%. These findings,
like the findings in the previous subsection, contradict Eq. (3) and
therefore contradict CAPM.
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